The displacement of a high-viscosity non-Newtonian fluid by a low-viscosity Newtonian fluid in a Hele-Shaw cell is capable of producing ramified viscous-fingering patterns exhibiting fractal characteristics. Recently, it was established that interfacial tension has little influence on the formation of these fractal patterns. However, the precise mechanism behind their formation is not as yet fully understood.
I. INTRODUCTION
It is well known that the displacement of a highviscosity non-Newtonian fluid by a low-viscosity Newtonian fluid in a Hele-Shaw cell is capable of producing aborescent viscous-fingering patterns exhibiting fractal characteristics [1 -15] . Numerous experimental studies have been conducted to date on the displacement, in an attempt to quantify the effects of different material and geometrical properties on the flow [1 -15] . One particularly important observation was made by Van Damme et al. [12] ,where they established that interfacial tension does not inhibit the formation of fractal patterns but only sets a length scale below which the patterns are not fractal. This work therefore settled the point of contention regarding the role of interfacial tension in the development of fractal viscous-fingering patterns. However, the theoretical investigation of this Aow phenomenon for non-Newtonian fluids has been relatively unexplored [5,8, 14, 16 -18] . This is in contrast to the classical displacement of a Newtonian Auid in a Hele-Shaw cell, which has received both extensive theoretical and experimental investigation [3, 19 -39] . In general, the flow of non-Newtonian fluids in Hele-Shaw cells has been analyzed upon consideration of analogous physical process [1, 5, 8, 14] , such as diffusion-limited aggregation, due to the similarity of the resulting viscous-fingering patterns and in some cases the governing equations.
However, apart from the work of Pascal [17] and Wilson [18] very little activity has focused on a hydrodynamic analysis of the flow to explain the phenomenon observed.
In this paper we investigate the immiscible displacement of a non-Newtonian fluid in a radial Hele-Shaw cell, since it has already been established that interfacial tension does not inhibit the formation of fractal viscous-fingering patterns [12] . We perform a linear stability analysis on the hydrodynamic equations to quantify the influence of non-Newtoman behavior on the formation of fractal viscous-fingering patterns.
In doing so, we discover features and properties of the flow arising from the non-Newtonian behavior of the fluid that clearly favor the formation of fractal viscous-fingering patterns. We note that the non-Newtonian nature of a Auid can be quantified in terms of its elastic and viscous properties. Recently, Wilson [18] performed a similar linear stability analysis for the flow of a purely elastic and purely shear thinning non-Newtonian fluid in a rectilinear Hele-Shaw cell. From this analysis, he concluded that the fractal nature of such viscous-fingering patterns is predominantly caused by the effects of elasticity and zero interfacial tension, with shear thinning not displaying any interesting effects. As we shall discuss, Wilson [18] considered a case which does not appear frequently in practice and furthermore some of his conclusions appear to be inconsistent with recent experimental findings.
Our analysis differs from that presented by Wilson [18] in that we analyze the radial Hele-Shaw liow problem, which exhibits features not present in the rectilinear Aow. For instance, in the radial case there exists a minimum radius below which no perturbations to the expanding interface can grow [23] . Furthermore, as the radius of the interface increases with increasing time, the cutoff wave number above which no perturbations can grow also increases [23] . Thus, in the radial case we are able to examine not only the relative change in the growth rates of the individual perturbations due to the non-Newtonian behavior of the fluid, but also the relative change in the position of the fluid interface at which these perturbations are able to grow. These features of the radial flow geometry will be of fundamental importance in our ensuing discussions on the influence of non-Newtonian behavior on the viscous-fingering patterns.
Pascal [17] recently considered the radial displacement of a shear thinning (power-law) fiuid by a different shear thinning (power-law) tiuid in porous media. However, he neglected capillary or surface tension effects, i.e. , he assumed surface tension to be zero. Since the inclusion of surface tension is of fundamental importance to the analysis of the immiscible displacement of a non-Newtonian fluid in Hele-Shaw cell, the work of Pascal [17] .
We shall commence by discussing some general physical considerations of the displacement experiments in radial Hele-Shaw cells, which wi11 provide the rationale for the present theoretical model. This will be followed in Sec. III by the main theoretical results of the analysis, with all detailed derivations relegated to the Appendix.
Finally a detailed analysis and discussion of these results in light of previous experimental and theoretical findings will be presented in Sec. IV.
II. PRELIMINARY DISCUSSION
In general, non-Newtonian fluids exhibit the effects both of shear thinning and of elasticity. However, examples do occur for which one such effect has been effectively removed, e.g. , Boger fluids [11] ,which are considered to be purely elastic. Furthermore, the Qow of non-Newtonian fluids in Hele-Shaw cells is also influenced by other factors, and thus care must be taken in characterizing these fluids. For instance, if the flow is slow enough that the Deborah number De (defined to be the ratio of the elastic relaxation time tz to the fluid flow time ts) is far less than unity, then the elastic properties of these fluids will not be exhibited. This appears to be the case in the radial Hele-Shaw displacement experiments of Allen and Boger [11] in which purely elastic Boger fluids were displaced by a low-viscosity driving fluid. Boger fluids have a very high viscosity and an elastic relaxation time in the range 0.5 5 tx S2 s [40] . Furthermore, the very high viscosity and nonshear thinning nature of these fluids limits the practical rate at which they can be displaced in a Hele-Shaw cell. The result is that the fiuid flow time is large, i.e. , t")) 1 s (the duration of the experiments were of the order of many hours) [41] and hence, in these experimental situations we have De&&1. This provides an explanation for the observations of Allen and Boger [11] where the observed fingering patterns for the elastic Boger fluids were similar to those for Newtonian fluids of the same shear viscosity, The origin of the cylindrical coordinate system is taken at the center of the bottom plate, with the z direction as indicated.
We should note that elastic effects can be exhibited in flow in Hele-Shaw cells if elastic Quids are used which also exhibit significant shear thinning, since this allows an increase in the injection rate of the displacing fluid, and hence gives a possible increase in the Deborah number.
It has been found in experiments using high-volumefraction colloidal fluids [12,13,42 -44] that flows in the high-Deborah-number regime can lead to very interesting effects, although it is unclear whether the patterns observed in these investigations which exhibit fracturelike characteristics are due to the elastic nature of the fluids or the interaction of the colloidal particles. We shall not elaborate on this point any further, since it is beyond the scope of the present paper.
The above discussion gives the motivation behind the choice of a purely shear thinning constitutive equation, to be used in the ensuing analysis. In this paper, we present a linear stability analysis of the immiscible displacement of a purely shear thinning fluid in a radial Hele-Shaw cell (see Fig. 1 ), and we choose the Ostwaldde Waele power-law model [18, 45] to describe the shear thinning property of the non-Newtonian fluid. To simplify the problem, we shall consider an inviscid displacing fluid, such as air, so that we work in the limit of an infinite viscosity ratio, where the viscosity ratio is defined to be the ratio of the displaced fluid viscosity to that of the displacing Quid. We note that the non-Newtonian fluid model considered is also able to display the effects of shear thickening, although this case is less likely to be encountered in practice.
III. MAIN RESULTS
In this section we present the main results from a linear stability analysis which we believe to be of fundamental importance to the understanding of the immiscible displacement of a non-Newtonian shear thinning fluid, the power-law mode1, by an inviscid fluid in a radial Hele-Shaw cell. For a complete derivation the reader is referred to the Appendix.
We now summarize some notational conventions implemented throughout this paper.
(a) The superscripts (0) and (1), respectively, refer to solutions of the steady-flow problexn and perturbation correction due to fingering.
(b) We use the cylindrical coordinate system (r, 8,z) , hence the subscripts r, 0, and z, respectively, refer to the r, (9, and z components of a vector. A similar standard convention will apply to second-order tensors.
(c) With h the distance between the plates, fiuid is confined to the region 0 & z & h (see Fig. 1 ), and X denotes the depth-averaged value of the function X, i.e. ,
We will show present the main results of the linear stability analysis of the non-Newtonian Quid model under consideration, the Ostwaldde Waele power-law model whose constitutive equation is v=2m (2e:e)'" " e, where r is the extra-stress tensor, m is a constant, n is the power-law index with 0 (n (2, and e is the rate-of-strain tensor. Note that a Newtonian Quid corresponds to n =1, whereas a shear thinning fluid has n (1, and a shear thickening fluid has n ) 1.
The Quid is assumed to be incompressible so that the continuity equation for the velocity field u takes the form g(8, t }= fk(t)cosk8, where the amplitude function fk(t) is to be determined and k is an integer henceforth referred to as the wave number. To determine the amplitude function fk(t) we apply a first-order perturbation method to the governing and constitutive equations and upon consideration of the pressure interface condition which takes into account the surface tension y at the interface, we obtain
where Qo is the volumetric flow rate of displacing fluid being injected. We denote the depth-averaged velocity at the interface u"' '~"&by V.
We now examine the effects of perturbations to the circular expanding interface, and represent the perturbed interface by
where the perturbation g(8, t ) is assumed to be small, i.e. , g~& & r. We consider perturbations of the form V u=o. Here G is a negative constant, r is the radial coordinate, and h is the plate spacing (see Fig. I ). The radius r(t) of the interface at time t is given by
where P is the pressure.
Throughout the analysis, it is assumed that the streamlines are parallel to the plates. We first consider the Bow of the steadily expanding circular front. This will form the base solution on which perturbations will later be imposed. The solution to Eqs. (1) -(2b), corresponding to a constant volumetric injection rate of displacing Quid, is obtained with the imposition of the usual no-slip boundary conditions at the plates
The solution of Eq. (7a) gives the amplitude function 
In the following section we shall examine the implications of these results.
Note that Eq. (9) differs from the Newtonian result presented in [30] by a factor of n. , because we have chosen the starting normalized radius of the minimum possible wave number ko=2, to be unity instead of nas in . [30] .
The relations presented in Eqs. (9) and (10) Therefore, using Eq. (9} we are able to normalize the results presented in Eqs. (2) -(8), from which we obtain the following important results. For the remainder of this paper, R refers to the scaled radial coordinate, i.e. , R =r/a with "a" as defined in Eq. (9) . The normalized critical radius R" is then obtained from Eq. (7a), as dis- In the present section we shall mainly discuss results displaying the effects of shear thinning behavior, as this is the case of general practical interest. However, for completeness we shall also briefly discuss the effects of shear thickening since this feature is naturally incorporated in the present fluid model.
We begin by examining the dependence of the normalized critical radius Rk on the power-law index n for perturbations with different wave numbers k. In particular, we shall consider the case of k0=2 since this is the minimum allowable value for ko. Plots of Rk vs n for different wave numbers k are presented in Figs. 2(a) -2(d), from which it is clear that a reduction in the power-law index n produces a corresponding decrease in the normalized critical radius Rk. As a numerical example, we compare the behavior of the power-law model (with n =0. 2) to the Newtonian model (n =1). From Figs. 2(a) and 2(b}, it is clear that at a normalized mean radius of P =5 the highest wave number which is able to grow is k =5 for the Newtonian case whereas for the power-law model (with n =0. 2) it is k =9, thus demonstrating that a reduction in n, which corresponds to shear thinning, produces a large reduction in Rk for a given wave number.
Note that Rk for k =ko=2 is constant for all n, due to the manner in which we have chosen to compare the power-law fluid to the Newtonian fluid, i.e. , by using Eqs. (9) and (10) , and implementing the same scaling length in all cases. It must also be noted that similar effects on Rk were obtained for other choices of ko.
We now examine the effects of the power-law index n on the growth rates of the perturbations, as characterized by the amplitude function fk. It must be noted that instead of presenting f"asa function of time t, it will be presented as a function of the mean interface radius 9 or, more precisely, as a function of the normalized mean interface radius k From Eqs. (4a) and (9) and taking the scaling for time t to be t -a/u"' '~" " it can be easily shown that R =2T, where T is the normalized time. In To examine the overall effect of the above-mentioned properties, we shall produce viscous-fingering patterns of the fluid interface and monitor the effect of varying the fluid characteristics and other properties such as anisotropy induced in the Hele-Shaw cell, on their evolution in time. We can produce these viscous-fingering patterns in the following manner. We begin with an initially circular interface which is steadily expanding under a constant volumetric injection rate of displacing Quid. When its normalized radius R reaches the smallest critical radius Rk of which the perturbation with the smallest wave 0 number kQ can grow, a perturbation with this wave number is initiated on the circular interface with a certain magnitude and phase. The interface then continues to expand, together with the imposed perturbation, until its normalized mean radius R reaches the next smallest normalized critical radius Rk for which a second perturbation with wave number k can begin to grow. A second perturbation to the interface with this wave number is then initiated with a certain magnitude and phase. This process continues, with the interface accumulating more perturbations as it expands, thus producing a growing viscous-fingering pattern. We emphasize that we have only carried out a linear stability analysis which tracks the development of small-amplitude perturbations (~f i,~& &9) about an initially circular interface. It is clear from the above discussion, that apart from the first perturbation, all subsequent perturbations are added to an interface which is noncircular. However, if the noncircularity of the interface is small than it is reasonable to expect an accurate result for fk of the second and subsequent perturbations, derived under the assumption of an initially circular interface. Therefore, there exists a time period in the initial growth of fingers where a linear stability analysis is valid. To quantify this and demonstrate the above-mentioned properties, we present in Fig. 4 Fig. 4 has been set to have an initial value of v'2 at its inception, i.e. , fk(Rk )=i/2, since this conveniently sets [gk f"/R ], , to be unity at R =1 and allows a simple linear rescaling of the diagram for difFerent choices of fk(Rk ). The jump discontinuities in Fig. 4 are the result of the introduction of perturbations with in- creasing wave numbers. The results in Fig. 4 demonstrate that decreasing n decreases the length of the initial growth period for which the linear stability analysis can be used to predict the shape of the fluid interface. This initial growth period is controlled by the noncircularity of the interface and the constraint~f k~& &r, which can be both inferred from [gk fk/P], . Furthermore, this decrease in the initial growth period is also accompanied by a reduction in Rj, and an increase in growth rates. Thus, we would expect viscous-fingering patterns obtained by a linear stability analysis to be valid in the regime [gk fk/P ],~, &&1. This region of validity can be found from the results presented in Fig. 4 and proves to be useful in assessing the validity of the following results. We can now produce "time lapse" plots of the 5(a) -5(c), that decreasing n dramatically decreases the time at which a given viscous-fingering pattern is obtained, even though perturbations initially begin to grow at the same time, i.e. , for k =ko. As an example, we note that the final patterns presented in Figs. 5(a) and 5(b) are very similar. However, the pattern obtained in Fig. 5(a) corresponding to a power-law fiuid (with n =0. 5) was obtained at a normalized mean interface radius of R = 12.9, whereas the pattern in Fig. 5(b) corresponding to a Newtonian fiuid (n =1) was obtained for 1=57. This demonstrates that decreasing n provides an effective "length compression" of the growth of viscous-fingering patterns. We found that if we continue to use the results of the linear stability analysis to evolve the fluid interface to large times, certain points on the interface will eventually have a velocity directed towards the injection point.
We have used this unphysical result to set the upper bound to the applicability of the linear stability analysis.
In all cases presented, we found that the largest viscousfingering pattern obtained corresponds to a rms value for the sum of all perturbations to be -0.1 of the normalized mean interface radius. This is certainly within the limitations of the linear stability analysis. We can obtain patterns similar to those obtained in Figs. S(a) -5(c) by using different values for the initial magnitudes of the perturbations. However, increasing the initial magnitude of the perturbations decreases the range of applicability of the analysis, as is clear from Fig. 4 , but the patterns clearly grow faster, thus resulting in similar patterns. As we shall see, the value of fk =0.01 for the initial perturbation amplitude was chosen since it gave patterns in good agreement with those obtained experimentally, although this choice is quite arbitrary. The accelerated growth patterns we obtained are also seen with perturbations possessing other symmetries. In Figs. 6(a) -6(c), we present the growth of the interface for perturbations with fourfold symmetry, i.e. , only perturbations involving cos40, cos80, cos120, etc. , are included. A11 perturbations are onset at an initial amplitude of f"=0. 01 and zero phase. These patterns agree well with the initial patterns obtained experimentally where the same fourfold anisotropy has been introduced to the Hele-Shaw cell by etching the cell walls in two orthogonal directions [29] . Note that we have only shown patterns for which all points on the interface possess a positive velocity away from the injection point, which as discussed above, is the limitation of our analysis. Finally, we present results of the initial viscousfingering patterns where no anisotropy has been included.
To accomplish this we introduce perturbations of arbitrary magnitude and arbitrary phase. The initial amplitude fk(Rk) is chosen randomly in the range of 0 -0.01, whereas the phase is chosen randomly between 0 and 2~.
The interfacial patterns corresponding to such random perturbations are presented in Figs. 7(a) -7(c), for different power-law indices n. Again note the effective length compression and accelerated growth rates in these patterns for decreasing values of n. These patterns are also in excellent agreement with those found in the literature [23, 30] for short times after the initial onset of fingering. These patterns were again allowed to grow provided that all points on the interface possessed a positive velocity away from the injection point.
Thus we may summarize the above results as follows:
(a) Shear thinning has the effect of providing a length compression and accelerating growth rates of fingering patterns in comparison to Newtonian fluids, thus leading to viscous-fingering patterns being developed much more rapidly.
(b) In contrast, shear thickening has the opposite effect, thus leading to an effective length "expansion" and viscous-fingering patterns being developed much more slowly relative to Newtonian fluids. (a) n =0. 5, and interfaces are at intervals of P =1. 9; (b) n = 1, and interfaces are at intervals of 2 =9. 2; (c) n = l. 5, and interfaces are at intervals of P = 580.
(c) Initial viscous-fingering patterns can be constructed from the linear stability analysis for reasonably long periods of time, and these show good agreement with experimental results in the literature; (d) The fingering patterns can also be constructed for different anisotropies introduced into the Hele-Shaw cell.
The physical implications of these results are truly significant in the formation of fractal viscous-fingering patterns, as we shall now discuss in detail.
B. Discussion of fractal pattern formation
It is well known, as we previously stated, that the displacement of a non-Newtonian fluid by a low-viscosity Newtonian Auid in a Hele-Shaw cell is capable of producing aborescent viscous-fingering patterns exhibiting fractal characteristics. The aim of this paper is to establish the mechanism behind this behavior for the immiscible displacement of a purely shear thinning non-Newtonian fluid in a radial Hele-Shaw cell. However, we must emphasize that the results presented in the preceding section were obtained from a linear stability analysis of the Aow and therefore fractal patterns at large times are clearly unattainable from the analysis. Nonetheless, a great deal can be learned about the Aow and the mechanism involved in the formation of viscous-fingering patterns upon consideration of these results.
It is well known that increasing the tip velocity of the interface, in particular the leading front of a finger, increases the tendency for tip splitting and thus leads to more ramified fingering patterns. It was shown in the preceding section that decreasing the power-law index n dramatically increases the growth rates of the perturbations to the interface and provides an effective length compression for the formation of viscous-fingering patterns, thus enabling viscous-fingering patterns to develop much more rapidly. Thus, decreasing the power-law index n should lead to greater tip splitting and hence more ramified viscous-fingering patterns. As noted above, our results were obtained from a linear stability analysis, and hence effects such as tip splitting clearly cannot be exhibited. However, it is clear froin Figs. 2(a) -2(d) that decreasing n also decreases the critical wavelength A, , =: 2~R /k (where k is the maximum wave number which allows growth) for a given normalized radius R, which will in turn lead to more ramified patterns. However, these results are not suScient to conclude that the effects of shear thinning will result in viscous-fingering patterns exhibiting fractal characteristics. %'e therefore refer to the experimental results of Chen [30] and May and Maher [32] , where it was shown experimentally that fractal viscous-fingering patterns form in the immiscible displacement of Newtonian Auids in Hele-Shaw ce1ls when many stages of tip splitting have occurred. %e also note the recent work of Jasnow and Yeung [39] , who offered numerical evidence that under a constant volumetric injection rate Qo, radial Hele-Shaw patterns for Newtonian fluids are not asymptotically fractal.
However, as they stated [39] , this does not preclude the possibility of a range of data which exhibit effective fractal properties. Since we have established that the dis-placement of a shear thinning Auid will lead to viscousfingering patterns being developed much more rapidly than the displacement of Newtonian Auids, then with the knowledge of the effects in Newtonian Quids [30, 32] and that of tip splitting, we can conclude that the displacement of shear thinning fluids will lead to viscousfingering patterns exhibiting fractal characteristics being developed at a much earlier stage (or smaller normalized radius) than that of the displacement of Newtonian to quantify the mechanism involved in the formation of these ramified patterns. As a consequence, we found that the displacement of shear thinning fluids has the following properties in comparison to the displacement of Newtonian fluids:
(i) Decreasing the power-law index n enables perturbations to the interface with higher wave numbers to commence growing earlier.
(ii) Decreasing the power-law index n increases the growth rates of individual perturbations to the interface. (iii) As a consequence of (i) and (ii), viscous-fingering patterns are able to develop much more rapidly, i.e. , similar viscous-fingering patterns are able to be produced for the displacement of shear thinning fluids for a lower normalized radius than the displacement of Newtonian fluids.
In contrast, the displacement of shear thickening fluids has the opposite effect, however these fluids are not of great practical significance, as we discussed. Furthermore, upon consideration of recent experimental results on fractal pattern formation using Newtonian fluids and our conclusion (iv), it is clear that the displacement of shear thinning fluids will produce fractal viscousfingering patterns earlier than Newtonian fluids, whereas shear thickening fluids will in fact delay the onset of fractal pattern formation.
for the Ostwaldde Waele power-law model [18] , whose constitutive equation is presented in Eq. (1).
Before continuing with the analysis we note that when n (1 the power-law model exhibits the characteristics of shear thinning, whereas for n & 1 it exhibits the characteristics of shear thickening, although as noted earlier the latter case is less likely to be encountered in practice. To proceed with the analysis, we initially consider the steady-flow problem, i.e. , the expanding circular front.
Clearly in this case the velocity vector possesses only a radial component u"which is furthermore radially symmetric, i.e. , no angular variation. Then from the con- From the fundamental restriction given in Eq. (A3), it is clear that the true length scale "a" for the radial coordinate r is far greater in magnitude than that for the z coordinate which is simply the plate spacing h. However, we need not define a but simply note the property a»h . However, this is of no real value in the present analysis, since our primary concern is the examination of the behavior of the amplitude function fk(t). Hence, these stress components are omitted whose solution is )/2{ [k /c(k)] -1) k 2y(k -1) Xexp (2 n)b4 np t(2n)/2 1 where A is an arbitrary constant. As the amplitude function is determined, the analysis is complete.
